Introduction
The purpose of this paper is to both summarize my earlier comments on the negative resolution and note some recent results on the Hilbert's sixth problem. Specifically Hilbert [1] proposed to develop 'mathematically the limiting processes . . . which lead from the atomistic view to the laws of motion of continua.' I purposely do not quote at length Hilbert's full statement of his sixth problem as the goal of this note is to emphasize the issue raised in the above quote. In particular, I am concerned with the issue Hilbert was addressing, namely to use the 'atomistic theory' of his day represented by Boltzmann's kinetic theory of gases and passage via a limiting process to the continuum theory of Euler as the Knudsen number approaches zero.
To my surprise, the sixth problem has even entered the realm of contemporary literature.
'David Hilbert was, however, an inspector. In 1900, he announced to the world that there were twenty-three major problems in mathematics that awaited solutions.
One of these problems, number six, expresses the need to prove the fundamental correctness of using equations like Navier-Stokes to describe the physical behaviour of materials. Then in 2000, one hundred years after Hilbert, a group of mathematicians examined the future of mathematics again. Many of Hilbert's problems had in fact been solved at least partially over the interim years. But Hilbert's sixth remained a complete enigma' [2, p. 47] .
The book of Rojstaczer is a novel and by definition a work of fiction and it incorrectly conflates Hilbert's sixth problem with the Clay Millenium problem for the Navier-Stokes equations. Nevertheless, I find it interesting that a novelist adds some romance to a problem that at first glance may appear rather dull. In this regard, I quote A. S. Wightman's article [3] on the sixth problem: 'Since physics has gone through two revolutions in the twentieth century, one might think that the original questions posed by Hilbert would be now primarily of archeological interest'.
As the articles in this volume attest, the mathematical issue of passage from the mesoscopic Boltzmann equations to the macroscopic Euler equations has remained a continuing theme of applied mathematics and mathematical physics. Recent surveys are contained in papers of Gorban & Karlin [4] [5] [6] [7] [8] [9] [10] , and the book and papers Saint-Raymond [11] [12] [13] (see also an expository review [14] ). Moreover, in this article, I restate my arguments [15] that Hilbert's program will fail in general. The basis for these arguments is experiment and analysis and I will emphasize both equally. But it is the interplay of experiment and analysis that is the key to the conclusion that I will restate once again in this short note: rigorous passage from the Boltzmann equation to the Euler equations of gas dynamics is, in general, unachievable. An obstruction exists to the limiting process caused by the appearance of extra capillarity (van der Waals-Korteweg [16] [17] [18] [19] [20] ) contributions to balance laws of momentum and energy and these extra terms will not vanish (even in the sense of distributions) in the desired limiting process.
Experiment
The experiment I describe here may be viewed online [21] . A nice written history of the radiometer has been presented in the article of Woodruff [22] . The radiometer (as described by Wikipedia [23] ) is made from a glass bulb from which much of the air has been removed to form a partial vacuum. Inside the bulb, on a low friction spindle, is a rotor with four vertical light weight metal vanes spaced equally around the axis. The vanes are white on one side and black on the other. When supplied by artificial light, the vanes turn with no apparent motive power, the dark sides retreating from the radiation source and light side advancing. Cooling the radiometer causes rotation in the opposite direction (see figure 1) .
To obtain a continuum description of issues of both the radiometer and Hilbert's sixth problem, we recall the balance laws of mass, momentum and energy for motion of a fluid.
Here, ρ is the density, u is the velocity, θ is the absolute temperature, e is the specific internal energy, T is the Cauchy stress tensor, q is the heat flux. The Navier-Stokes-Fourier equations are obtained via the constitutive relations
where
, e E = 3θ/2, q F = − ∇θ, and μ( , ϑ) and ( , ϑ) are, respectively, the coefficients of viscosity and heat conduction. The Euler equations are obtained when the viscous and heat conduction coefficients are set to zero. (The ratio R/M of the the ideal gas constant R and the molar mass M has been set to one for convenience). Returning to the Crookes radiometer, we see that the solution to the steady planar NavierStokes-Fourier system with a prescribed temperature gradient on the vanes is trivially obtained, namely u i = 0, so that T V ij = 0, p = const, so that ρθ = const. Thus, the balance of mass and momentum are trivially satisfied. The energy equation is just the steady-state heat equation whose solution is determined by the prescribed temperature gradients on the vanes, i.e. Dirichlet boundary conditions with a prescribed varying temperature. Once the temperature θ is known, the density is determined up to a multiplicative constant from the relation ρθ = const. In summary, the Navier-Stokes-Fourier system predicts the vanes in the Crookes radiometer will not move contrary to experiment. I know of no more convincing illustration of the failure of the Navier-Stokes-Fourier theory at low density. This stands in opposition to the literally scores of papers that make the claim of the validity of Navier-Stokes-Fourier theory in this regime.
Crookes reported his experiment in 1873 and the theoretical issue was taken up by J. Clerk Maxwell in Maxwell's 1879 paper [24] (alas the same year as Maxwell's death). Maxwell realized that a theory beyond Navier-Stokes-Fourier was needed for an adequate description of the radiometer. Specifically he writes then an additional tangential component of the Cauchy stress parallel to the vanes is needed to produce the motion of the gas and hence make the vanes move. This motivated Maxwell to reconsider the Navier-Stokes-Fourier equations derivation from the Boltzmann equation and produce what he called the 'final equations of motion'. Maxwell remarks 'I have not attempted to enter into the calculation of the steady motion'. Maxwell also states 'this phenomenon, to which professor Osborne Reynolds has given the name thermal transpiration was discovered entirely by him. He was the first to point out that a phenomenon of this kind was a necessary consequence of the kinetic theory of gases'. Of course, Maxwell himself pioneered the kinetic theory of gases in his work [25] .
One further significant note is in order. As may be seen from the linked video of the motion of the Crookes radiometer, the velocity of the vanes increases as the density of the gas decreases, or vice versa the velocity of the gas decreases as the gas becomes more dense. A graph of this observation is displayed by the experimenter in the video. Keep in mind that experimenter has kept the same light source as he raised the pressure in the radiometer and thus while he recorded the increasing pressure on the horizontal axis the ideal gas law tells us that he could have converted increasing pressure to increasing density. Thus we see that as the density increases, the resulting gas motion approaches the zero velocity prediction of the Navier-Stokes-Fourier theory, but there is always an error between the actual gas velocity and the zero velocity predicted by the Navier-Stokes-Fourier system. It is this error that plays a crucial role in the failure to achieve the Boltzmann to Euler limit. 
Mathematical analysis
The Boltzmann equation [26] describes the evolution of a perfect gas in terms of a particle distribution function f (t, x, ξ ) which gives the probability of finding a particle of gas at time t, position x, moving with velocity ξ . The equation itself is given by
where is the Knudsen number that represents the mean free distance between particle collisions and Q is the collision operator defined by
One develops macroscopic theory from the Boltzmann equation by multiplication of the equation by the vector (1, ξ , ξ · ξ ) and integration over all ξ in R 3 . The integrals on the right side of the resulting five equations vanish as 1, ξ , ξ · ξ are collision invariants and hence we can associate terms on the left-hand sides to represent the usual balance laws of mass, momentum and energy. This is a system of moments of f , the first five appear under the differentiation ∂ t . However, the system is not closed and hence one might attempt to continue the moment process which will not close at any finite system of moments. One approach at this stage is to invoke closure rules by taking a finite system of moments and expressing any additional moments not appearing in the time evolution term as combinations of the moments that do appear under the time derivative ∂ t . The most familiar of this truncation process is known as Grad's 13 moment system [27, 28] and a complete exposition may be found in the book of Struchtrup and his papers with his co-authors [29] [30] [31] .
A second approach is to attempt to solve the Boltzmann equation via a formal asymptotic expansion
While this expansion is called the Hilbert expansion, a careful reading of Maxwell's 1879 [24] paper shows that Maxwell had the essence of the idea some 30 years before Hilbert's 1912 paper [32] . Substitution of this asymptotic expansion for f into the Boltzmann equation and balance of powers of yields an infinite system of integro-partial differential equations for f n , n = 0, 1, . . .. Note that moment truncation and the Hilbert expansion are not mutually exclusive and one can make a moment truncation followed by a Hilbert expansion to compute higher order flux terms.
Computation of all the terms in the Hilbert expansion would be a challenging task to say the least. A formula for f 0 is easily obtained by solving the equation Q( f 0 , f 0 ) = 0. This yields
for some density ρ > 0, absolute temperature θ > 0 and velocity u in R 3 . Substitution of f 0 into the five balance laws given by the first five moments of the Boltzmann equation yields the classical Euler equations displayed in the previous section where viscous and thermal diffusion coefficient are set to zero. In fact, both Maxwell and Hilbert were able to compute f 1 , and then substitution of the truncated expansion f 0 + f 1 into the five balance laws yields the Navier-Stokes-Fourier system. But as noted earlier, Maxwell realized that the Navier-Stokes-Fourier system was unable to predict the motion of the Crookes radiometer. Hence, Maxwell did the obvious next step and attempted to compute the next higher order correction f 2 . When the Hilbert expansion is written in terms of the macroscopic quantities of density, temperature, velocity and the spatial derivatives thereof it becomes the ChapmanEnskog expansion. The term f 2 was computed in complete generality by Burnett [33] [34] [35] and hence when the truncated sum f 0 + f 1 + 2 f 2 is substituted into the five balance equations the resulting system is called the Burnett equations. Some of the relevant terms that Maxwell was able to evaluate are indeed identical to the terms Burnett computed some 50 years after Maxwell. As is well known today but was apparently unknown to Maxwell, the Burnett system cannot be an adequate description of gas motion because the Burnett equation lead to the Bobylev instability [36] , i.e. the rest state of the gas is unstable. Furthermore, no truncation of the Chapman-Enskog at any level beyond the Navier-Stokes-Fourier equations will ever eliminate the Bobylev instability. It is these issues that draw our attention. Specifically, if truncation of the Chapman-Enskog expansion at zeroth and first orders is an inadequate description of macroscopic description of the Boltzmann equation (as Navier-Stokes-Fourier theory fails to predict the motion of the Crookes radiometer) and truncation at yet higher orders of the Chapman-Enskog expansion yields the Bobylev instability, it seems there is only one obvious recourse, namely don't truncate the ChapmanEnskog expansion. Of course, this means making either an approximation to the entire sum of the Chapman-Enskog expansion as suggested in the work of Rosenau [37, 38] and Bobylev [39, 40] or doing the seemingly impossible: sum the entire Chapman-Enskog expansion exactly. It is this second approach performed by Gorban & Karlin [6] [7] [8] [9] [10] that I summarize here as that is the one that provides the easiest understanding of the failure of the Boltzmann to Euler limit.
I now give a quick summary of the basic ideas of Gorban and Karlin, more details may be found in the references [6] [7] [8] [9] [10] 41] . Start with a 10 moment version of Grad's 13 moment system and linearize about an equilibrium state to obtain the linear constitutive equation for the pressure p = ρ + θ , and the system
where σ is a symmetric 3 by 3 traceless matrix. The above set of equations has no relaxation of the heat flux, but this is only for simplicity. Karlin and Gorban in their papers have considered the addition of both the heat flux in a full three-dimensional context. A long description of their work here would be both beyond the scope of this short paper and would more importantly not yield any insight as to the appearance of a capillarity like term in the balance laws of mass, momentum and energy.
To simplify further, they take the one-dimensional version of the above system to obtain
where now σ is the xx component of the stress. Of course, the above system is definitely not the Boltzmann equation, yet as it is derived from the Boltzmann equation its simplicity allows us the ability to understand the relevant ChapmanEnskog expansion
The first few terms in the expansion are easily obtained
and we see the terms alternate between derivatives of u and derivatives of p. 
where k is the transform variable and
The 'miracle' that now occurs is that A, B can be computed explicitly. The relevant formulae are
where C satisfies the cubic equation The next obvious step is to substitute the Chapman-Enskog expansionσ CE into the Fourier transform of the first two balance laws which yields 3 
5
∂ tp − ikû = 0 and
Multiplication of the the above equations by the complex conjugates (c.c.) ofp,û, respectively, and integration yields the energy identity
where the integration goes from k = −∞ to k = ∞. Now use the Plancherel theorem to see the second term on the right-hand side of the above equality is simply − ∂ x (up) dx and with the imposed boundary conditions (up) → 0 as x → ±∞, this term vanishes. Further application of the Plancherel theorem yields identity
We make the association mechanical energy = 1 2
and hence we have obtained the energy identity ∂ t (mechanical energy) + ∂ t (capillarity energy) = viscous dissipation.
The above identity strongly suggests that a macroscopic description of the balance laws of mass, momentum and energy arising from the Boltzmann equation should possess a clear-cut capillarity energy contribution. additional material frame indifferent contributions to the Cauchy stress tensor, specific internal energy and heat flux given by
Note the above constitutive relations containing the capillarity energy term e K and this term is a key to understanding the resolution of Hilbert's program.
Korteweg's theory and experiment
If Korteweg's theory is indeed a macroscopic representation (or at least a good approximation) of the Boltzmann equation, it should be able to predict the motion of a real gas especially at the low densities that occur in the Crookes radiometer. This issue has been considered in the paper of Kim et al. [42] and I will not go into a lengthy discussion of the details. But I assert that Korteweg theory reproduced the behaviour of the motion of a rarefied gas over a flat plate where the motion is induced by a thermal gradient along the plate. In addition, the solutions to the continuum model are in good agreement with theoretical and numerical solutions of linearized Boltzmann equation [43] [44] [45] [46] . But it is particularly important that I recall here some of the specific results in that paper. Let (u, v) denote the velocity of the gas for the solution of the half-plane problem with boundary condition θ = θ 1 x prescribed on the boundary y = 0, x > 0. Kim, Lee and Slemrod derived a simple system of ordinary differential equations for the steady flow of a gas which satisfies Korteweg's theory. Specifically, they obtain the formulae
for Maxwell molecules, and for hard spheres. The viscosity μ is given by the power law μ = μ 0 θ η , b − a = η + 3, where μ 0 is a positive constant. Note that the gas moves from left to right in the direction of the increasing imposed boundary temperature just as seen in experiment and in the numerical solution of linearized Boltzmann equation. Furthermore, the appearance of both viscosity and capillarity is crucial to the formulae. The pressure p for the solution to the half-plane problems is constant and is set to unity so that p = 1 and hence ρϑ = 1.
The density was computed and given by the formula
Now, I perform an elementary computation that was not noted in earlier papers. Specifically note that
so thatȳ may be eliminated from the formulae for u. This elimination yields the relations 
for hard spheres. Of course, this trivially gives us the decay of velocity u for increasing ρ:
for Maxwell molecules. The computation for hard spheres is easier to do via the chain rule
Thus in both the cases of Maxwell molecules and hard spheres, we see u is decreasing for increasing r consistent with the video.
The reader may ask what if we had used Maxwell's formula for the shear stress which, in fact, is quite similar to the one obtained from the Burnett truncation. This shear stress does possess a capillarity-like term, but the constant A given by Maxwell is negative and hence the gas would move in the wrong direction. This again reinforces the failure of the Burnett truncation.
Further remarks on the relevance of Korteweg's theory
In this section, I will comment on some recent papers on the role of Korteweg's theory in gas dynamics. The first paper [47] is a rigorous derivation of the Korteweg stress term directly from the Boltzmann equation without recourse to the Chapman-Enskog expansion. The authors use a diffusion scaling of the Boltzmann equation and a macro-micro decomposition of the Boltzmann probability distribution function f to resolve the flow of a gas with different prescribed temperature values at x = ±∞. Of course, just as in the problems of the radiometer and the flow over the plate, it is the temperature gradient the drives the motion. More details may be found in the paper [47] .
Second, after arguing for the appearance of a Korteweg term via the Chapman-Enskog expansion, it is important to note that perhaps it is not such a surprise that it appears in the balance laws of gas dynamics. The issue has been addressed in the survey paper of Gorban & Karlin [8] . In this regard, Gorban & Karlin write [8] :
The Korteweg equation is the first post Navier-Stokes-Fourier equation, which remains inside continuum mechanics but captures some nonequilibrium kinetic phenomena like the capillarity of ideal gas. Exact solutions of the reduction problem ( from kinetics to hydrodynamics) give us hints of how the post Navier-Stokes equations may look. Finally, it should be noted that the dissipation and the capillarity terms in the energy equation resulting from the exact summation are of same order if the gradients are not small. Thus, Korteweg's term is not just a small correction to dissipation but rather a contribution to the energy balance on the same scale. Korteweg's equations were originally introduced in relation to non-ideal gas equation of state to capture the effect of surface tension between different phases. So, after all, why capillarity emerges in ideal gas? The answer to this question is in the nature of the interface of the brick of matter in Cauchy stress construction. Whenever the gradients of the hydrodynamic fields become commensurable with the mean free path, there is an energy price to be paid for their maintenance. The highly idealized conventional picture of continuous media assumes an almost impenetrable elastic interface (Euler) with only a small smearing (Navier-Stokes-Fourier) of the order of a mean free path. However, when the gradients increase, also the dispersion effects come into play which is precisely what the surface energy is responsible for in Korteweg's picture. It is clear that the nonlocality associated with this effect is essential since no truncation of the Chapman-Enskog series is possible. Of course, one could argue that continuum mechanics plays no role in predicting the motion of the radiometer and that one must rely exclusive on kinetic theory. This is the one of the conclusions made in the survey paper [48] . Their point is a fair one. However, this view would fail to consider that theory of Karlin and Gorban goes beyond the small Knudsen number regime where usual hydrodynamics is derived but is, in fact, valid for all values of Knudsen number and it is precisely for large values of the Knudsen number that we see the relevance of the van der Waals-Korteweg capillarity.
Obstruction to the passage from Korteweg to Euler
Let us recall the balance laws of mass, momentum and energy for a compressible fluid given by system (2.1) The usual prescription for achieving a limit from a fine-scale theory to a macroscopic theory is via the concept of a weak solution to the relevant system of partial differential equations so that the limit system is satisfied in the sense of distributions. In particular to obtain a weak solution to the Euler equations as a limit from Korteweg theory would require the extra Korteweg terms
, converge to zero in the sense of distributions. But recall the Korteweg theory is given by (3.16), (3.17) .
As I noted earlier, it was Maxwell who observed it would be the shear stress T K ij = −cd i d j i = j, that would make the radiometer vanes move. Hence, the capillarity coefficient c cannot be identically zero. Thus, usual analysis would ask that extra terms T K ij , e K , q K converge to zero as c converges to zero. (Of course, we can reintroduce the small parameter ε by rescaling space and time and let ε approach zero, but the issues are identical to the capillarity coefficient c tending to zero.) We then see that at least two obstructions arise:
(i) The shear stress terms T K ij = −cd i d j are quadratic in density gradients and hence there is no obvious way to pass these gradients onto a C ∞ test function via the Gauss-Green theorem. Of course, passage of derivatives onto C ∞ test functions via the Gauss-Green theorem is the key to the use of distributions in the theory of partial differential equations.
(ii) Exactly the same issue as given in (i) arises in the specific internal energy term
So any passage to a limit will require a c independent a priori bound on the density gradient d = ∇ρ. If extra 'energy' estimates were available perhaps that might be possible, but as the energy equation has already been accounted for any additional 'energies' seem unlikely. Thus the only other obvious way to enforce such a bound is via an assumption on solutions of the limit Euler equations themselves. Namely that we are working on a time interval for which the Euler equations possess a smooth solution so trivially the density gradients are bounded independent of c. This is essentially the assumption made by Nishida [49] and Ukai & Asano [50] in their proofs of Boltzmann to Euler convergence and it is my belief based on my above argument using Korteweg theory that these results are optimal. One might note that these comments are consistent with the well-known theory of Lax & Levermore [51] . In that paper, Lax and Levermore (see also Schonbek [52] ) showed the dispersive solution u of the Korteweg-deVries equation ∂ t u + u∂ x u + ∂ xxx u = 0 approaches as → 0 a solution of the limit conservation law ∂ t u + u∂ x u = 0 only on the time interval before solutions to the limit conservation blow up and after the blow up time they do not converge to a solution of the limit conservation law. 
